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Abstract
This paper belongs to the realm of conformal geometry and deals
with Euclidean submanifolds that admit smooth variations that are
infinitesimally conformal. Conformal variations of Euclidean subman-
ifolds is a classical subject in differential geometry. In fact, already
in 1917 Cartan classified parametrically the Euclidean hypersurfaces
that admit nontrivial conformal variations. Our first main result is
a Fundamental theorem for conformal infinitesimal variations. The
second is a rigidity theorem for Euclidean submanifolds that lay in
low codimension.
This paper deals with a subject in conformal geometry, namely, with
smooth conformal infinitesimal variations of Euclidean submanifolds of any
dimension and in any codimension. Until now the study of this class of
variations has received limited attention; see [18] for an exception. This is
certainly not the situation for the more restricted case of isometric infinites-
imal variations. In fact, for hypersurfaces the study of these variations is a
classical subject already considered by Sbrana [14] at the beginning of the
20th century after the earlier rigidity result contained in Cesa`ro’s book [3]
from 1896. For recent results on the subject, we refer to [12] and [13] in the
hypersurface case and to [6] and [7] for submanifolds in higher codimension.
First Sbrana [15] and subsequently Cartan [1] classified parametrically
Euclidean hypersurfaces that admit nontrivial isometric variations. Shortly
after, Cartan in [2] classified the Euclidean hypersurfaces that admit non-
trivial conformal variations; see also [10] and [11]. A conformal variation of a
given isometric immersion f : Mn → Rm of a Riemannian manifold (Mn, 〈 , 〉)
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into Euclidean space is a smooth variation F : I×Mn → Rm, where 0 ∈ I ⊂ R
is an open interval and ft = F (t, ·) with f0 = f is a conformal immersion
for any t ∈ I. Hence, there is a positive function γ ∈ C∞(I × Mn) with
γ(0, x) = 1 such that
γ(t, x)〈ft∗X, ft∗Y 〉 = 〈X, Y 〉 (1)
for any tangent vector fields X, Y ∈ X(M). Here and in the sequel, we use
the same notation for the inner products in Rm and Mn, and denote by ∇˜
and ∇ the respective associated Levi-Civita connections. The derivative of
(1) computed at t = 0 gives that the variational vector field T = F∗∂/∂t|t=0
of F has to satisfy the condition
〈∇˜XT, f∗Y 〉+ 〈f∗X, ∇˜Y T〉 = 2ρ〈X, Y 〉 (2)
where ρ(x) = −(1/2)∂γ/∂t(0, x).
Trivial conformal variations are the ones induced by a composition of
the immersion with a smooth family of conformal transformations of the
Euclidean ambient space. In this case, the variational vector field is, at least
locally, the restriction of a conformal Killing vector field of the ambient space
to the submanifold. Recall that conformal transformations of Euclidean space
are characterized by Liouville’s classical theorem; see [17] for a nice discussion
of this result.
In this paper, we deal with the weaker concept of conformal infinitesimal
variation, that is, the infinitesimal analogue to a conformal variation.
A smooth variation F : I × Mn → Rm of a given isometric immersion
f : Mn → Rm is called an conformal infinitesimal variation if there is a
function γ ∈ C∞(I ×Mn) satisfying γ(0, x) = 1 such that
∂
∂t
|t=0 (γ(t, x)〈ft∗X, ft∗Y 〉) = 0 (3)
for any X, Y ∈ X(M).
It is already well-known from classical differential geometry of subman-
ifolds that the appropriate approach to study infinitesimal variations is to
deal with the variational vector field. In our case, that this is the way to
proceed is justified in the sequel.
We have from (3) that the variational vector field T of F has to satisfy
condition (2). This leads to the following definition.
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A conformal infinitesimal bending with conformal factor ρ ∈ C∞(M) of
an isometric immersion f : Mn → Rm of a Riemannian manifold Mn into
Euclidean space is a smooth section T ∈ Γ(f ∗TRm) that satisfies
〈∇˜XT, f∗Y 〉+ 〈f∗X, ∇˜Y T〉 = 2ρ〈X, Y 〉 (4)
for any X, Y ∈ X(M).
On one hand, there is a conformal infinitesimal bending associated to
any conformal infinitesimal variation. On the other hand, associated to a
conformal infinitesimal bending we have the variation F : R × Mn → Rm
given by
F (t, x) = f(x) + tT(x). (5)
This is a conformal infinitesimal variation with variational vector field T
since (3) is satisfied for γ(t, x) = e−2tρ(x). By no means (5) is unique with
this property, although it may be seen as the simplest one. In fact, new
conformal infinitesimal variations with variational vector field T are obtained
by adding to (5) terms of the type tkδ, k > 1, where δ ∈ Γ(f ∗TRn+1) and,
maybe, for restricted values of the parameter t.
We observe that the notion of conformal infinitesimal variation is indeed a
concept in conformal geometry. In fact, let F : I×Mn → Rm be a conformal
infinitesimal variation of f : Mn → Rm. Then, let G : I ×Mn → Rm be the
variation given by G = ψ ◦ F where ψ is a conformal transformation of Rm
with positive conformal factor λ ∈ C∞(Rm). We claim that G is a conformal
infinitesimal variation of g = ψ ◦ f where
γ˜(t, x) = γ(t, x)− 2t〈T(x), ∇˜ log λ(f(x))〉.
In fact, we have using (3) that
∂
∂t
|t=0 (γ˜〈gt∗X, gt∗Y 〉)
=
∂
∂t
|t=0
(
(γ(t, x)− 2t〈T(x), ∇˜ log λ(f(x))〉λ2(F (t, x))〈ft∗X, ft∗Y 〉
)
= 〈f∗X, f∗Y 〉
∂
∂t
|t=0(λ
2(F (t, x)))− 2
∂
∂t
|t=0(tλ
2〈T, ∇˜ log λ〉〈ft∗X, ft∗Y 〉)
= 2λ〈T, ∇˜λ〉〈f∗X, f∗Y 〉 − 2λ
2〈T, ∇˜ log λ〉〈f∗X, f∗Y 〉 = 0,
and this proves the claim.
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In view of the above, we say that a conformal infinitesimal variation of
f : Mn → Rm is a trivial conformal infinitesimal variation if the associated
conformal infinitesimal bending is trivial. On turn, that a conformal infinites-
imal bending is trivial means that it is locally the restriction of a conformal
Killing vector field of the Euclidean ambient space to the submanifold. Fi-
nally, if any conformal infinitesimal bending of f is trivial we say that the
submanifold is conformally infinitesimally rigid.
For a conformal infinitesimal bending T ∈ Γ(f ∗TRm) with conformal
factor ρ ∈ C∞(M) of an isometric immersion f : Mn → Rm, we first show
that T together with the second fundamental form α : TM×TM → NfM of f
determine an associate pair of tensors (β,E), where β : TM×TM → NfM is
symmetric and E : TM ×NfM → NfM satisfies the compatibility condition
〈E(X, η), ξ〉+ 〈E(X, ξ), η〉 = 0 (6)
for any X ∈ X(M) and η, ξ ∈ Γ(NfM). Subsequently, we prove that the pair
(β,E) satisfies the following fundamental system of equations, where by the
term fundamental we mean that they are the integrability condition for the
existence of a conformal infinitesimal bending.
(S)


Aβ(Y,Z)X +Bα(Y,Z)X − Aβ(X,Z)Y −Bα(X,Z)Y + 〈Y, Z〉∇X∇ρ
+Hess ρ(Y, Z)X − 〈X,Z〉∇Y∇ρ−Hess ρ(X,Z)Y = 0
(∇⊥Xβ)(Y, Z)− (∇
⊥
Y β)(X,Z) = E(Y, α(X,Z))− E(X,α(Y, Z))
+ 〈Y, Z〉α(X,∇ρ)− 〈X,Z〉α(Y,∇ρ)
(∇⊥XE)(Y, η)− (∇
⊥
Y E)(X, η) = β(X,AηY )− β(AηX, Y )
+α(X,BηY )− α(BηX, Y )
(7)
(8)
(9)
where X, Y, Z ∈ X(M), η ∈ Γ(NfM) and Aη, Bη ∈ Γ(End(TM)) are given
by 〈AηX, Y 〉 = 〈α(X, Y ), η〉 and 〈BηX, Y 〉 = 〈β(X, Y ), η〉.
An infinitesimal bending is a conformal infinitesimal bending with con-
formal factor ρ = 0. It is said to be trivial if it is locally the restriction to
the submanifold of a Killing vector field of the Euclidean ambient space. Let
T1 be a conformal infinitesimal bending of f with conformal factor ρ and
let T0 be an infinitesimal bending of f . Then T2 = T1 + T0 satisfies (4),
and therefore it is also a conformal infinitesimal bending of f with conformal
factor ρ.
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The sum of any two conformal infinitesimal bendings is again a conformal
infinitesimal bending. From now on, we identify two conformal infinitesimal
bendings if they differ by a trivial conformal infinitesimal bending.
Theorem 1. Let f : Mn → Rm, n ≥ 3, be an isometric immersion of a
simply connected Riemannian manifold. A triple (β,E, ρ) 6= 0 formed by a
symmetric tensor β : TM × TM → NfM , a tensor E : TM ×NfM → NfM
that verifies (6) and ρ ∈ C∞(M) that satisfies system (S) determines a
unique conformal infinitesimal bending of f .
The above result takes a rather simpler form in the hypersurface case. In
fact, let f : Mn → Rn+1 be a hypersurface with shape operator A correspond-
ing to the Gauss map N ∈ Γ(NfM). Associated to a conformal infinitesimal
bending we are now reduced to consider the tensor B ∈ Γ(End(TM)) given
by β(X, Y ) = 〈BX, Y 〉N . Then the fundamental system of equations takes
the form
BX ∧ AY −BY ∧ AX +X ∧∇Y∇ρ− Y ∧∇X∇ρ = 0 (10)
and
(∇XB)Y − (∇YB)X + (X ∧ Y )A∇ρ = 0 (11)
for any X, Y ∈ X(M).
Corollary 2. Let f : Mn → Rn+1, n ≥ 3, be an isometric immersion of a
simply connected Riemannian manifold. Then a symmetric tensor 0 6= B ∈
Γ(End(TM)) and ρ ∈ C∞(M) that satisfy (10) and (11) determine a unique
conformal infinitesimal bending of f .
The second main result in this paper is a rigidity theorem for conformal
infinitesimal variations of submanifolds of low codimension. The limitation
on the codimension is due to the use of a result in the theory of flat bilinear
forms that is known to be false for higher codimensions.
The conformal s-nullity νcs(x) at x ∈M
n, 1 ≤ s ≤ m−n, of an isometric
immersion f : Mn → Rm is defined as
νcs(x) = max{dimN(αUs − 〈 , 〉ζ)(x) : U
s ⊂ NfM(x) and ζ ∈ U
s}
where αUs = πUs ◦ α, πUs : NfM → U
s is the orthogonal projection onto the
s-dimensional subspace Us ⊂ NfM and
N(αUs−〈 , 〉ζ)(x) = {Y ∈ TxM : αUs(Y,X)−〈Y,X〉ζ = 0 for all X ∈ TxM}.
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The conformal s-nullity is a concept in conformal geometry since it is easily
seen to be invariant under a conformal change of the metric of the ambient
space.
With respect to the next result, we observe that it has been shown in [12]
that the set of Euclidean hypersurfaces admitting a nontrivial infinitesimal
variation is much larger than the ones allowing an isometric variation. In
[8] it is shown that for hypersurfaces in the conformal case the situation is
similar.
Theorem 3. Let f : Mn → Rn+p, n ≥ 2p + 3, be an isometric immersion
with codimension 1 ≤ p ≤ 4. Assume that the conformal s-nullities of f
at any point of Mn satisfy νcs ≤ n − 2s − 1 for all 1 ≤ s ≤ p. Then f is
conformally infinitesimally rigid.
By the above result, in the case of hypersurfaces f : Mn → Rn+1, n ≥ 5,
the existence of a nontrivial conformal infinitesimal variation requires the
presence at any point of a principal curvature of multiplicity at least n− 2.
Theorem 3 is the version for conformal infinitesimal variations of the
rigidity result for conformal immersions due to do Carmo and Dajczer [4],
where the concept of conformal s-nullity has been introduced. Moreover, the
corresponding result for variations that are infinitesimally isometric was given
by Dajczer and Rodr´ıguez [9]. Both results, as well as additional information,
can be found in [11]. With respect to the latter result, in sharp contrast with
the situation in this paper a very short proof was possible in [11] by the use
of a classical trick that fails completely in the conformal case.
1 The fundamental equations
In this section, we define a pair of tensors (β,E) associated to a conformal
infinitesimal bending T of f : Mn → Rm and show that they satisfy the
system of equations (S).
Let L ∈ Γ(Hom(TM, f ∗TRm)) be the tensor defined by
LX = ∇˜XT − ρf∗X = T∗X − ρf∗X
for any X ∈ X(M). Then (4) in terms of L has the form
〈LX, f∗Y 〉+ 〈f∗X,LY 〉 = 0 (12)
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for all X, Y ∈ X(M). Let B : TM × TM → f ∗TRm be the tensor given by
B(X, Y ) = (∇˜XL)Y = ∇˜XLY − L∇XY
for any X, Y ∈ X(M). Then the tensor β : TM × TM → NfM is defined by
β(X, Y ) = (B(X, Y ))NfM
for any X, Y ∈ X(M). Flatness of the ambient space and that
β(X, Y ) = (∇˜X∇˜Y T − ∇˜∇XY T)NfM − ρα(X, Y )
give that β is symmetric.
Let Y ∈ Γ(Hom(NfM, f∗TM)) be defined by
〈Yη, f∗X〉+ 〈η, LX〉 = 0. (13)
Then, let E : TM ×NfM → NfM be the tensor given by
E(X, η) = α(X,Yη) + (LAηX)NfM .
We have
〈E(X, η), ξ〉 = 〈α(X,Yη) + LAηX, ξ〉 = 〈AξX,Yη〉 − 〈Yξ, AηX〉
= −〈LAξX, η〉 − 〈α(X,Yξ), η〉 = −〈E(X, ξ), η〉,
and hence condition (6) is satisfied.
Lemma 4. We have that
(B(X, Y ))TM = Yα(X, Y )− 〈X, Y 〉f∗∇ρ+ 〈Y,∇ρ〉f∗X
where ∇ρ denotes the gradient of ρ.
Proof: We have to show that
C(X, Y, Z) = 〈(B − Yα)(X, Y ), f∗Z〉+ 〈X, Y 〉〈Z,∇ρ〉 − 〈Y,∇ρ〉〈X,Z〉
vanishes for any X, Y, Z ∈ X(M). The derivative of (12) gives
0 = 〈∇˜ZLX, f∗Y 〉+ 〈LX, ∇˜Zf∗Y 〉+ 〈∇˜ZLY, f∗X〉+ 〈LY, ∇˜Zf∗X〉
= 〈B(Z,X), f∗Y 〉+ 〈L∇ZX, f∗Y 〉+ 〈LX, f∗∇ZY + α(Z, Y )〉
+ 〈B(Z, Y ), f∗X〉+ 〈L∇ZY, f∗X〉+ 〈LY, f∗∇ZX + α(Z,X)〉
= 〈B(Z,X), f∗Y 〉+ 〈LX, α(Z, Y )〉+ 〈B(Z, Y ), f∗X〉+ 〈LY, α(Z,X)〉
= 〈(B − Yα)(Z,X), f∗Y 〉+ 〈(B − Yα)(Z, Y ), f∗X〉.
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On the other hand,
〈B(X, Y ), f∗Z〉 = 〈∇˜X∇˜Y T − ∇˜∇XY T, f∗Z〉 − 〈X,∇ρ〉〈Y, Z〉.
It follows that
C(X, Y, Z) = C(Y,X, Z) and C(Z,X, Y ) = −C(Z, Y,X)
for any X, Y, Z ∈ X(M). Then
C(X, Y, Z) = −C(X,Z, Y ) = −C(Z,X, Y ) = C(Z, Y,X)
= C(Y, Z,X) = −C(Y,X, Z) = −C(X, Y, Z) = 0,
as we wished.
Proposition 5. The pair of tensors (β,E) associated to a conformal in-
finitesimal bending satisfies the system (S), where (8) is equivalent to
(∇XBη)Y−(∇YBη)X −B∇⊥
X
ηY +B∇⊥
Y
ηX
= AE(X,η)Y − AE(Y,η)X + 〈AηX,∇ρ〉Y − 〈AηY,∇ρ〉X (14)
for any X, Y ∈ X(M) and η ∈ Γ(NfM).
Proof: We first show that
(∇˜XY)η = −f∗BηX − LAηX + E(X, η) (15)
where (∇˜XY)η = ∇˜XYη − Y∇
⊥
Xη. Then (12) and the derivative of (13) give
0 = 〈∇˜XYη, f∗Y 〉+ 〈Yη, f∗∇XY 〉+ 〈∇˜XLY, η〉+ 〈LY, ∇˜Xη〉
= 〈(∇˜XY)η, f∗Y 〉+ 〈BηX, Y 〉+ 〈LAηX, f∗Y 〉.
In fact, since 〈Yη, ξ〉 = 0 we have
0 = 〈∇˜XYη, ξ〉+ 〈Yη, ∇˜Xξ〉 = 〈(∇˜XY)η, ξ〉 − 〈α(X,Yη), ξ〉
= 〈(∇˜XY)η, ξ〉+ 〈LAηX − E(X, η), ξ〉
for any X ∈ X(M) and η, ξ ∈ Γ(NfM), and (15) follows.
Since
(∇˜XB)(Y, Z) = ∇˜X(∇˜YL)Z − (∇˜∇XY L)Z − (∇˜Y L)∇XZ (16)
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it is easy to see that
(∇˜XB)(Y, Z)− (∇˜YB)(X,Z) = −LR(X, Y )Z (17)
for all X, Y, Z ∈ X(M). It follows using Lemma 4 that
〈(∇˜XB)(Y, Z), f∗W 〉 = 〈(∇˜XY)α(Y, Z) + Y(∇
⊥
Xα)(Y Z)− f∗Aβ(Y,Z)X, f∗W 〉
+ 〈Y,W 〉Hess ρ(Z,X)− 〈Y, Z〉Hess ρ(X,W )
for any X, Y, Z,W ∈ X(M). Then from (17), the Gauss equation
R(Y,X)Z = Aα(X,Z)Y − Aα(Y,Z)X
and the Codazzi equation, we obtain
〈(∇˜XY)α(Y, Z)− (∇˜Y Y)α(X,Z), f∗W 〉
= 〈LAα(X,Z)Y − LAα(Y,Z)X + f∗Aβ(Y,Z)X − f∗Aβ(X,Z)Y, f∗W 〉
+ 〈Y, Z〉Hess ρ(X,W )− 〈Y,W 〉Hess ρ(Z,X) + 〈X,W 〉Hess ρ(Y, Z)
− 〈X,Z〉Hess ρ(Y,W ).
On the other hand, it follows from (15) that
〈(∇˜XY)α(Y, Z)− (∇˜Y Y)α(X,Z), f∗W 〉
= 〈f∗Bα(X,Z)Y + LAα(X,Z)Y − f∗Bα(Y,Z)X − LAα(Y,Z)X, f∗W 〉.
The last two equations give
〈Bα(X,Z)Y −Bα(Y,Z)X, f∗W 〉 = 〈Aβ(Y,Z)X −Aβ(X,Z)Y,W 〉
+ 〈Y, Z〉Hess ρ(X,W )− 〈Y,W 〉Hess ρ(Z,X)
+ 〈X,W 〉Hess ρ(Y, Z)− 〈X,Z〉Hess ρ(Y,W ),
and this is (7). Using (16) we obtain
((∇˜XB)(Y, Z))NfM = α(X,Yα(Y, Z)) + (∇
⊥
Xβ)(Y, Z)
+ 〈Z,∇ρ〉α(X, Y )− 〈Y, Z〉α(X,∇ρ).
Then, we have from (17) and the Gauss equation that
(∇⊥Xβ)(Y, Z)− (∇
⊥
Y β)(X,Z)
= (LR(Y,X)Z)NfM − α(X,Yα(Y, Z)) + α(Y,Yα(X,Z))
+ 〈Y, Z〉α(X,∇ρ)− 〈X,Z〉α(Y,∇ρ)
= (LAα(X,Z)Y − LAα(Y,Z)X)NfM − α(X,Yα(Y, Z)) + α(Y,Yα(X,Z))
+ 〈Y, Z〉α(X,∇ρ)− 〈X,Z〉α(Y,∇ρ),
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and this is (8). Since E satisfies the compatibility condition (6), then
〈E(X,α(Y, Z)), η〉 = −〈AE(X,η)Y, Z〉,
and this gives (14).
We have
(∇⊥XE)(Y, η) = ∇
⊥
XE(Y, η)− E(∇XY, η)− E(Y,∇
⊥
Xη)
= (∇⊥Xα)(Y,Yη) + (L(∇XA)(Y, η))NfM + α(Y,∇XYη)
− α(Y,Y∇⊥Xη)− (L∇XAηY )NfM +∇
⊥
X(LAηY )NfM .
Then (15) yields
(∇⊥XE)(Y, η) = (∇
⊥
Xα)(Y,Yη) + (L(∇XA)(Y, η))NfM − α(Y,BηX)
− α(Y, (LAηX)TM)− (L∇XAηY )NfM +∇
⊥
X(LAηY )NfM .
Using the Codazzi equation, we obtain
(∇⊥XE)(Y, η)− (∇
⊥
Y E)(X, η) = α(X,BηY )− α(Y,BηX) + α(X, (LAηY )TM)
− α(Y, (LAηX)TM)− (L∇XAηY )NfM +∇
⊥
X(LAηY )NfM
+ (L∇YAηX)NfM −∇
⊥
Y (LAηX)NfM .
Since
β(X,AηY ) = α(X, (LAηY )TM)− (L∇XAηY )NfM +∇
⊥
X(LAηY )NfM ,
then (9) follows.
2 Trivial infinitesimal bendings
In this section, we characterize the trivial conformal infinitesimal bendings
in terms of the associate pair of tensors (β,E) to the bending.
An infinitesimal bending T of f : Mn → Rm is trivial if we have T =
Df + w where D ∈ End(Rm) is skew-symmetric and w ∈ Rm; see [9] or [11]
for details. Then L = D|f∗TM and B(X, Y ) = Dα(X, Y ). Hence
β(X, Y ) = DNα(X, Y ) and E(X, η) = −(∇⊥XD
N)η
where DN ∈ Γ(End(NfM)) given by D
Nη = (Dη)NfM is skew-symmetric.
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Proposition 6. An infinitesimal bending T of f : Mn → Rm is trivial if and
only if there is C ∈ Γ(End(NfM)) skew-symmetric such that
β(X, Y ) = Cα(X, Y ) and E(X, η) = −(∇⊥XC)η. (18)
Proof: This is Proposition 5 in [7].
It is well-known that any conformal Killing field on an open connected
subset of Rn, n ≥ 3, has the form
X(x) = (〈x, v〉+ λ)x− (1/2)‖x‖2v + Cx+ w
where λ ∈ R, v, w ∈ Rn, C ∈ End(Rn) is skew-symmetric and the conformal
factor is ρ = 〈x, v〉+ λ; cf. [16] for details.
Let T be a trivial conformal infinitesimal bending of f , that is, locally
T(x) = (〈f(x), v〉+ λ)f(x)− 1/2‖f(x)‖2v +Df(x) + w
where λ ∈ R, v, w ∈ Rm and D ∈ End(Rm) is skew-symmetric. Then the
conformal factor is ρ(x) = 〈f(x), v〉+ λ and
LX = 〈f∗X, v〉f(x)− 〈f∗X, f(x)〉v +Df∗X.
Hence
(∇˜XL)Y = 〈f∗Y, v〉X − 〈X, Y 〉v + 〈α(X, Y ), v〉f(x)− 〈α(X, Y ), f(x)〉v
+Dα(X, Y ).
If D′ ∈ Γ(End(f ∗TRm)) is the skew-symmetric map given by
D′σ = 〈σ, v〉f(x)− 〈σ, f(x)〉v +Dσ,
then LX = D′X . Moreover, we have Yη = (D′η)TM and
(∇˜XL)Y = 〈f∗Y, v〉f∗X − 〈X, Y 〉v +D
′α(X, Y ).
Let DN ∈ Γ(End(NfM)) be given by D
Nξ = (D′ξ)NfM . Then
β(X, Y ) = DNα(X, Y )− 〈X, Y 〉vN
where vN = (v)NfM .
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We have
(∇˜XD
′)σ = ∇˜XD
′σ −D′∇˜Xσ = 〈σ, v〉f∗X − 〈σ, f∗X〉v
for any X ∈ X(M) and σ ∈ Γ(f ∗TRm). Then
E(X, ξ) = α(X,Yξ) + (LAξX)NfM
= (∇˜XD
′ξ − ∇˜XD
Nξ)NfM + (LAξX)NfM
= ((∇˜XD
′)ξ +D′∇˜Xξ − ∇˜XD
Nξ + LAξX)NfM
= −(∇⊥XD
N)ξ
for any X ∈ X(M) and ξ ∈ Γ(NfM).
Proposition 7. A conformal infinitesimal bending T of f : Mn → Rm,
n ≥ 3, is trivial if and only if there exist δ ∈ Γ(NfM) and C ∈ Γ(End(NfM))
skew-symmetric such that the associated pair has the form
β(X, Y ) = Cα(X, Y )− 〈X, Y 〉δ and E(X, ξ) = −(∇⊥XC)ξ. (19)
Proof: If (β,E) has the form (19) and ρ is the conformal factor of T, we
obtain from (7) that
〈X,Z〉(〈α(Y,W ), δ〉 − Hess ρ(Y,W )) + 〈Y,W 〉(〈α(X,Z), δ〉 −Hess ρ(X,Z))
− 〈X,W 〉(〈α(Y, Z), δ〉−Hess ρ(Y, Z))−〈Y, Z〉(〈α(X,W ), δ〉−Hess ρ(X,W ))
= 0
for any X, Y, Z,W ∈ X(M). For X, Y,W orthonormal and Z = X this gives
〈α(Y,W ), δ〉 − Hess ρ(Y,W ) = 0
whereas for X = Z and Y = W orthonormal this yields
〈α(X,X), δ〉 −Hess ρ(X,X) = −〈a(Y, Y ), δ〉+Hess ρ(Y, Y ) = 0.
Therefore
〈α(X, Y ), δ〉 − Hess ρ(X, Y ) = 0 (20)
for any X, Y ∈ X(M).
Since E has the form (19) we obtain from (8) that
〈X,Z〉(∇⊥Y δ + α(Y,∇ρ)) = 〈Y, Z〉(∇
⊥
Xδ + α(X,∇ρ).
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Hence
∇⊥Xδ + α(X,∇ρ) = 0 (21)
for any X ∈ X(M).
Equations (20) and (21) are equivalent to f∗∇ρ + δ = v being constant
along f . In particular ρ(x) = 〈f(x), v〉+ λ for some λ ∈ R.
Let T1 ∈ Γ(f
∗TRm) be the trivial conformal infinitesimal bending
T1(x) = (〈f(x), v〉+ λ)f(x)− 1/2‖f(x)‖
2v.
Then T − T1 is an infinitesimal bending whose associated tensors have the
form (18), and thus is trivial.
Remark 8. Two conformal infinitesimal bendings Ti, i = 1, 2, of a subman-
ifold f : Mn → Rm differ by a trivial one if and only if the pairs of tensors
(βi,Ei), i = 1, 2, differ by tensors as in (19).
Corollary 9. A conformal infinitesimal bending T of f : Mn → Rn+1, n ≥ 3,
is trivial if and only if its associated tensor B has the form B = ϕI for
ϕ ∈ C∞(M).
Proof: In this case, the tensor E vanishes and B is given by
〈BX, Y 〉 = 〈β(X, Y ), N〉
where N is the Gauss map of f . Then T is trivial if and only if
β(X, Y ) = −〈X, Y 〉δ
for some δ ∈ Γ(NfM). This is equivalent to B = ϕI for ϕ = −〈δ, N〉.
We conclude this section with some nontrivial examples of conformal
infinitesimal bendings of rather simple geometric nature.
Examples 10. (i) If f : Mn → Rm is an isometric immersion then a confor-
mal Killing vector field of Mn is a conformal infinitesimal bending of f .
(ii) Let g : Mn → Sm be an isometric immersion. Then T = ϕf is a confor-
mal infinitesimal bending of f = i ◦ g : Mn → Rm+1 where ϕ ∈ C∞(M) and
i : Sm → Rm+1 is the inclusion.
(iii) Let f, g : Mn → Rm be two conformal immersions such that the map
h = f + g : Mn → Rm is an immersion. Then T = f − g is a conformal
infinitesimal bending of h.
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3 The Fundamental theorem
In this section, we prove the Fundamental theorem for conformal infinitesimal
variations stated in the introduction.
Let Vm+1 ⊂ Lm+2 denote the light cone of the Lorentz space (Lm+2, 〈 , 〉)
defined by
V
m+1 = {v ∈ Lm+2 : 〈v, v〉 = 0, v 6= 0}.
Given w ∈ Vm+1, then
E
m = {v ∈ Vm+1 : 〈v, w〉 = 1}
is a model of Euclidean space Rm in Lm+2. In fact, given v ∈ Em and a linear
isometry C : Rm → (span{v, w})⊥ ⊂ Lm+2, the map Ψ: Rm → Vm+1 ⊂ Lm+2
given by
Ψ(x) = v + Cx−
1
2
‖x‖2w (22)
is an isometric embedding such that Ψ(Rm) = Em. The normal bundle of Ψ
is NΨR
m = span{Ψ, w} and its second fundamental form is
αΨ(U, V ) = −〈U, V 〉w (23)
for any U, V ∈ TRm. For further details we refer to Section 9.1 in [11].
Proof of Theorem 1: Let F : Mn → Vm+1 ⊂ Lm+2 be the isometric immersion
F = ψ ◦ f , where Ψ is given by (22). By (23) the second fundamental form
of F satisfies
αF (X, Y ) = Ψ∗α(X, Y )− 〈X, Y 〉w (24)
for any X, Y ∈ X(M).
Let βˆ : TM × TM → NFM be the symmetric tensor given by
βˆ(X, Y ) = Ψ∗β(X, Y )− Hess ρ(X, Y )F
for any X, Y ∈ X(M). Then (7) is equivalent to
AF
βˆ(Y,Z)
X + BˆαF (Y,Z)X −A
F
βˆ(X,Z)
Y − BˆαF (X,Z)Y = 0, (25)
where AFξ is the shape operator of F with respect to ξ ∈ Γ(NFM) and Bˆξ is
given by
〈BˆξX, Y 〉 = 〈βˆ(X, Y ), ξ〉.
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Let the tensor Eˆ : TM ×NFM → NFM be given by
Eˆ(X,Ψ∗η) = Ψ∗E(X, η)− 〈α(X,∇ρ), η〉F for η ∈ Γ(NfM),
Eˆ(X,w) = Ψ∗α(X,∇ρ) and Eˆ(X,F ) = 0.
Since E satisfies (6) then also does Eˆ. For simplicity, from now on we just
write η for η ∈ Γ(NfM) as well as its image under Ψ∗. We have
(∇
′⊥
X βˆ)(Y, Z) = (∇
⊥
Xβ)(Y, Z)− (∇XHess ρ)(Y, Z)F,
where ∇
′⊥ is the normal connection of F . Then
(∇
′⊥
X βˆ)(Y, Z)−(∇
′⊥
Y βˆ)(X,Z) = (∇
⊥
Xβ)(Y, Z)− (∇
⊥
Y β)(X,Z)
+ ((∇YHess ρ)(X,Z)− (∇XHess ρ)(Y, Z))F.
It follows from Hess ρ(X, Y ) = 〈∇X∇ρ, Y 〉 and the Gauss equation that
(∇YHess ρ)(X,Z)− (∇XHess ρ)(Y, Z) = 〈R(Y,X)∇ρ, Z〉 (26)
= 〈α(Y, Z), α(X,∇ρ)〉 − 〈α(Y,∇ρ), α(X,Z)〉,
where R is the curvature tensor of Mn. Thus, from (8) and (26) we have
(∇
′⊥
X βˆ)(Y, Z)− (∇
′⊥
Y βˆ)(X,Z) = E(Y, α(X,Z))− E(X,α(Y, Z))
+ 〈Y, Z〉α(X,∇ρ)− 〈X,Z〉α(Y,∇ρ) + 〈α(Y, Z), α(X,∇ρ)〉F
− 〈α(Y,∇ρ), α(X,Z)〉F,
and hence
(∇
′⊥
X βˆ)(Y, Z)− (∇
′⊥
Y βˆ)(X,Z) = Eˆ(Y, α
F (X,Z))− Eˆ(X,αF (Y, Z)) (27)
for any X, Y, Z ∈ X(M).
From the definition of Eˆ it follows that
(∇
′⊥
X Eˆ)(Y, η) = (∇
⊥
XE)(Y, η)− 〈(∇
⊥
Xα)(Y,∇ρ), η〉F − 〈α(Y,∇X∇ρ), η〉F
for any X, Y ∈ X(M) and η ∈ Γ(NfM). Making use of the Codazzi equation,
we obtain
(∇
′⊥
X Eˆ)(Y, η)− (∇
′⊥
Y Eˆ)(X, η) = (∇
⊥
XE)(Y, η)− (∇
⊥
Y E)(X, η)
+ (〈α(X,∇Y∇ρ), η〉 − 〈α(Y,∇X∇ρ), η〉)F.
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On the other hand, we have
βˆ(X,AFηX)− βˆ(A
F
ηX, Y ) + α
F (X, BˆηY )− α
F (BˆηX, Y ) = β(X,AηY )
−Hess ρ(X,AηY )F − β(AηX, Y ) + Hess ρ(AηX, Y )F + α(X,BηY )
− 〈X,BηY 〉w − α(BηX, Y ) + 〈BηX, Y 〉w.
From (9), the symmetry of β and
Hess ρ(X,AηY ) = 〈α(Y,∇X∇ρ), η〉
it follows that
(∇
′⊥
X Eˆ)(Y, η)− (∇
′⊥
Y Eˆ)(X, η) (28)
= βˆ(X,AFηX)− βˆ(A
F
ηX, Y ) + α
F (X, BˆηY )− α
F (BˆηX, Y )
Using the Codazzi equation again, we obtain
(∇
′⊥
X Eˆ)(Y, w)− (∇
′⊥
Y Eˆ)(X,w) = α(Y,∇X∇ρ)− α(X,∇X∇ρ).
Notice that AFw = 0 and BˆwX = −∇X∇ρ for any X ∈ X(M). Then
βˆ(X,AFwX)− βˆ(A
F
wX, Y ) + α
F (X, BˆwY )− α
F (BˆwX, Y )
= α(Y,∇X∇ρ)− 〈Y,∇Xρ〉w − α(X,∇Y∇ρ) + 〈X,∇Y∇ρ〉w,
and hence
(∇
′⊥
X Eˆ)(Y, w)− (∇
′⊥
Y Eˆ)(X,w) (29)
= βˆ(X,AFwX)− βˆ(A
F
wX, Y ) + α
F (X, BˆwY )− α
F (BˆwX, Y ).
Since BˆF = 0, A
F
FX = −X , E(X,F ) = 0 and ∇
′⊥
X F = 0, then
(∇
′⊥
X Eˆ)(Y, F )− (∇
′⊥
Y Eˆ)(X,F ) (30)
= βˆ(X,AFFY )− βˆ(A
F
FX, Y ) + α
F (X, BˆFY )− α
F (BˆFX, Y )
trivially holds.
Summarizing, we have that βˆ is symmetric, that Eˆ satisfies (6) and they
both verify (25),(27),(28), (29) and (30). In this situation, the Fundamen-
tal theorem for infinitesimal variations, namely, Theorem 6 in [7], applies.
Notice that in the introduction of [7] it was observed that this result holds
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for ambient spaces of any signature, in particular, for the Lorentzian space
considered here. Making also use of Proposition 5 of [7], we conclude that
there is an infinitesimal bending T˜ ∈ Γ(F ∗(TLm+2)) of F whose associated
pair of tensors (β˜, E˜) satisfies
β˜ = βˆ + C˜αF and E˜ = Eˆ−∇
′⊥C˜ (31)
where C˜ ∈ Γ(End(NFM)) is skew-symmetric. Moreover, we have that T˜ is
unique up to trivial infinitesimal bendings. Write T˜ as
T˜ = Ψ∗T + 〈T˜, w〉F + 〈T˜, F 〉w.
Being T˜ an infinitesimal bending of F , we have
〈∇˜′X T˜, F∗Y 〉+ 〈∇˜
′
Y T˜, F∗X〉 = 0
for all X, Y ∈ X(M). Then
〈∇˜XT, f∗Y 〉+ 〈∇˜Y T, f∗X〉+ 2〈T˜, w〉〈X, Y 〉 = 0
for all X, Y ∈ X(M). Hence, setting ρ1 = −〈T˜, w〉 we have that T is a
conformal infinitesimal bending of f with conformal factor ρ1.
Let β ′ and E′ be the tensors associated to the conformal infinitesimal
bending T of f . We observe that (β˜)Ψ∗NfM coincides with β
′. Let C ∈
Γ(End(NfM)) be given by Cη = (C˜η)Ψ∗NfM for any η ∈ Γ(NfM). Then C
is skew symmetric. It follows from (24) and (31) that the tensor β ′ satisfies
β ′(X, Y ) = β(X, Y ) + Cα(X, Y )− 〈X, Y 〉δ (32)
where δ = (C˜w)Ψ∗NfM .
Let L˜ be associated to T˜ and let Y˜ be given by (13) with respect to L˜.
Given η ∈ Γ(NfM) we have
〈L˜X, η〉 = 〈∇˜XT, η〉 = 〈LX, η〉
and then Y˜η = Yη, here L and Y are associated to T. This implies that
(E˜(X, η))Ψ∗NfM coincides with E
′(X, η) for any X ∈ X(M) and η ∈ Γ(NfM).
Notice that Ψ∗NfM is parallel with respect to ∇
′⊥, then we have from (31)
that
E′ = E−∇⊥C. (33)
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Finally it follows from (32), (33) and Proposition 7 that any other con-
formal infinitesimal bending arising in this manner differs with T by a trivial
conformal infinitesimal bending, and this concludes the proof.
Proof of Corollary 2: In this case E vanishes and 〈BX, Y 〉 = 〈β(X, Y ), N〉.
Thus (9) holds trivially for β and E = 0. Moreover, by the assumptions on
B we have that (β, 0, ρ) satisfies (7) and (8). Hence Theorem 1 gives that
(β, 0, ρ) determines a unique conformal infinitesimal bending T of f .
4 Conformal infinitesimal rigidity
Let V n be an n-dimensional real vector space and let W p,p be a real vector
space of dimension 2p endowed with an indefinite inner product of signature
(p, p). A bilinear form γ : V n × V n →W p,p is said to be flat if
〈γ(X,Z), γ(Y,W )〉 − 〈γ(X,W ), γ(Y, Z)〉 = 0
for all X, Y, Z,W ∈ V n. We say that the bilinear form γ is null if
〈γ(X,Z), γ(Y,W )〉 = 0
for all X, Y, Z,W ∈ V n. Thus a null bilinear form is flat.
Given γ : V n × V n → W p,p we denote
N(γ) = {X ∈ V n : γ(X, Y ) = 0 for all Y ∈ V n}
and
S(γ) = span{γ(X, Y ) : X, Y ∈ V n}.
We will need the following result from the theory of flat bilinear forms
which is know to be false for p = 6; see Proposition 4.24 in [11].
Lemma 11. Let γ : V n × V n → W p,p, p ≤ 5, be a symmetric flat bilinear
form. If dimN(γ) ≤ n− 2p− 1 then there is an orthogonal decomposition
W p,p = W ℓ,ℓ1 ⊕W
p−ℓ,p−ℓ
2 , 1 ≤ ℓ ≤ p,
such that the Wj-components γj of γ satisfy:
(i) γ1 is nonzero but null since S(γ1) = S(γ) ∩ S(γ)
⊥.
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(ii) γ2 is flat and dimN(γ2) ≥ n− 2p+ 2ℓ.
Proof: This is Theorem 3 in [5] or Lemma 4.22 in [11].
Proposition 12. Let T be a conformal infinitesimal bending of an isometric
immersion f : Mn → Rm with conformal factor ρ and associated tensor β.
Then the bilinear form θ : TM × TM → NfM ⊕ R ⊕ NfM ⊕ R defined at
any point of Mn by
θ = (α + β, 〈 , 〉+Hess ρ, α− β, 〈 , 〉 − Hess ρ) (34)
is flat with respect to the inner product 〈〈 , 〉〉 of signature (m−n+1, m−n+1)
given by
〈〈(ξ1, a1, η1, b1), (ξ2, a2, η2, b2)〉〉 = 〈ξ1, ξ2〉NfM + a1a2 − 〈η1, η2〉NfM − b1b2.
Proof: A straightforward computation yields
1
2
(〈〈θ(X,W ), θ(Y, Z)〉〉 − 〈〈θ(X,Z), θ(Y,W )〉〉) = 〈β(X,W ), α(Y, Z)〉
+ 〈α(X,W ), β(Y, Z)〉 − 〈β(X,Z), α(Y,W )〉 − 〈α(X,Z), β(Y,W )〉
+ 〈X,W 〉Hess ρ(Y, Z) + 〈Y, Z〉Hess ρ(X,W )− 〈X,Z〉Hess ρ(Y,W )
− 〈Y,W 〉Hess ρ(X,Z)
for any X, Y, Z,W ∈ X(M), and the proof follows from (7).
Lemma 13. Let Z1, Z2 ∈ TxM at x ∈ M
n be non-zero vectors such that
either Z1 = Z2 or 〈Z1, Z2〉 = 0. If n ≥ 4 and ν
c
1(x) ≤ n− 3, then
NfM(x) = span{α(X, Y ) : X, Y ∈ TxM ; 〈X, Y 〉 = 〈X,Z1〉 = 〈Y, Z2〉 = 0}.
Proof: First assume that 〈Z1, Z2〉 = 0. Let U
s ⊂ NfM(x) be the subspace
given by Us ⊥ α(X, Y ) for any X, Y ∈ TxM as in the statement. If in
addition 〈X,Z2〉 = 〈Y, Z1〉 = 0 and ‖X‖ = ‖Y ‖, then α(X+Y,X−Y )Us = 0
gives
αUs(X,X) = αUs(Y, Y ).
Thus, there is ζ ∈ Us such that
αUs(X, Y ) = 〈X, Y 〉ζ
19
for any X, Y ∈ span{Z1, Z2}
⊥. Since αUs(W,Z1) = αUs(W,Z2) = 0 for any
W ∈ span{Z1, Z2}
⊥ by assumption, then
span{Z1, Z2}
⊥ ⊂ N(αUs − 〈 , 〉ζ),
and this contradicts our assumption on νc1 unless s = 0.
If Z1 = Z2 we have again that there is ζ ∈ U
s such that
αUs(X, Y ) = 〈X, Y 〉ζ
for anyX, Y ∈ span{Z}⊥. It follows that Aζ has an eigenspace of multiplicity
at least n− 2 contradicting the assumption on νc1.
Proposition 14. Let f : Mn → Rm, n ≥ 4, be an isometric immersion and
let T be a conformal infinitesimal bending of f with conformal factor ρ and
associated pair of tensors (β,E). If νc1(x) ≤ n− 3 at any x ∈ M
n, then E is
the unique tensor satisfying (6) and an equation of the form
(∇⊥Xβ)(Y, Z)−(∇
⊥
Y β)(X,Z) = E(Y, α(X,Z))− E(X,α(Y, Z))
+ 〈Y, Z〉ψ(X)− 〈X,Z〉ψ(Y ) (35)
where ψ ∈ Γ(End(TM,NfM)).
Proof: If also E0 : TM ×NfM → NfM satisfies (6) and (35), then (8) gives
(E− E0)(X,α(Y, Z))−(E− E0)(Y, α(X,Z)) + 〈Y, Z〉(ψ(X)− α(X,∇ρ))
− 〈X,Z〉(ψ(Y )− α(Y,∇ρ)) = 0.
Then
(E− E0)(X,α(Y, Z)) = (E− E0)(Y, α(X,Z))
if Z is orthogonal to X and Y . Writing
〈(E− E0)(X1, α(X2, X3)), α(X4, X5)〉 = (X1, X2, X3, X4, X5)
and taking 〈X1, X3〉 = 〈X2, X3〉 = 0 we have symmetry in the pairs {X1, X2},
{X2, X3} and {X4, X5}. Moreover, since E and E0 verify (6) we obtain
(X1, X2, X3, X4, X5) = −(X1, X4, X5, X2, X3).
Hence, if {Xi}1≤i≤5 satisfies
〈X1, X3〉 = 〈X1, X4〉 = 〈X2, X3〉 = 〈X2, X5〉 = 〈X4, X5〉 = 0, (36)
20
then
(X1, X2, X3, X4, X5) = −(X1, X4, X5, X2, X3) = −(X5, X4, X1, X2, X3)
= (X5, X2, X3, X4, X1) = (X3, X2, X5, X4, X1)
= −(X3, X4, X1, X2, X5) = −(X4, X3, X1, X2, X5)
= (X4, X2, X5, X3, X1) = (X2, X4, X5, X3, X1)
= −(X2, X3, X1, X4, X5) = −(X1, X2, X3, X4, X5)
= 0.
Thus
〈(E− E0)(X1, α(X2, X3)), α(X4, X5)〉 = 0
if (36) holds. We already have 〈X1, X4〉 = 〈X2, X5〉 = 〈X4, X5〉 = 0. Hence,
if also 〈X1, X2〉 = 0 we obtain from Lemma 13 that
(E− E0)(X1, α(X2, X3)) = 0
for any X1, X2, X3 ∈ X(M) with 〈X1, X2〉 = 〈X1, X3〉 = 〈X2, X3〉 = 0. Then
using Lemma 13 again, it follows that
(E− E0)(X, η) = 0
for any X ∈ X(M) and η ∈ Γ(NfM).
Lemma 15. Let S ⊂ Rm be a vector subspace and let T0 : S → R
m be a
linear map that is an isometry between S and T0(S). Assume there is no
0 6= v ∈ S such that T0v = −v. Then there is an isometry T ∈ End(R
m) that
extends T0 and has 1 as the only possible real eigenvalue.
Proof: Extend T0 to an isometry T of R
m. Suppose that the eigenspace of
the eigenvalue −1 of T satisfies dimE−1 = k > 0. We have by assumption
that E−1∩S = E−1∩T0(S) = {0}. Let {e1, . . . , ek} be an orthonormal basis
of E−1 and set
P = T0(S)⊕ span{e2, . . . , ek}.
Let ξ ∈ P⊥ be a unit vector collinear with the P⊥-component of e1. Let
η ∈ Rm be such that Tη = ξ and let H be the hyperplane {η}⊥. If R is the
reflection with respect to the hyperplane {ξ}⊥, then the isometry T1 = RT
satisfies T1v = Tv for any v ∈ H since Tv ∈ {ξ}
⊥.
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Since 〈η, e1〉 = −〈ξ, e1〉 6= 0, there is v ∈ H such that η + v is collinear
with e1. Hence
T (η + v) = ξ + Tv = −η − v.
We claim that no vector of the form η + u, u ∈ H , is an eigenvector of T1
associated to −1. If otherwise
T1(η + u) = −ξ + Tu = −η − u
for some u ∈ H . From the last two equations we obtain
T (u+ v) = −2η − (u+ v).
Then
‖T (u+ v)‖2 = 4 + ‖u+ v‖2
which contradicts that T is an isometry and proves the claim.
We have proved that the eigenspace of T1 associated to −1 is contained
in H , in fact, it is span{e2 . . . ..., ek}. Therefore, by composing T with k
appropriate reflections we obtain an isometry as in the statement.
Proposition 16. Let T be a conformal infinitesimal bending of an isometric
immersion f : Mn → Rm. If T is trivial then θ is null. Conversely, if θ is
null, n ≥ 4 and νc1(x) ≤ n− 3 at any x ∈M
n then T is trivial
Proof: If T is a trivial conformal infinitesimal bending of f , then
T(x) = (〈f(x), v〉+ λ)f(x)− 1/2‖f(x)‖2v +Df(x) + w
for some λ ∈ R, v, w ∈ Rm and D ∈ End(Rm) skew-symmetric. Since
ρ(x) = 〈f(x), v〉+ λ, then f∗∇ρ = vTM . Thus
〈∇˜Xv, f∗Y 〉 = Hess ρ(X, Y )− 〈AvNfMX, Y 〉 = 0 (37)
for any X, Y ∈ X(M). Moreover, we have seen that
β(X, Y ) = Cα(X, Y )− 〈X, Y 〉vNfM
where C ∈ Γ(End(NfM)) is skew-symmetric. Using (37) and that C is
skew-symmetric, we obtain that the bilinear form θ is null. In fact,
1
2
〈〈θ(X, Y ), θ(Z,W )〉〉 = 〈α(X, Y ), β(Z,W )〉+ 〈β(X, Y ), α(Z,W )〉
+ 〈X, Y 〉Hess ρ(Y,W ) + 〈Z,W 〉Hess ρ(X, Y )
= − 〈Z,W 〉〈α(X, Y ), vNfM〉 − 〈X, Y 〉〈α(Z,W ), vNfM〉
+ 〈X, Y 〉Hess ρ(Y,W ) + 〈Z,W 〉Hess ρ(X, Y )
= 0.
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For the converse, that θ is null means that
〈α(X, Y ), β(Z,W )〉+ 〈β(X, Y ), α(Z,W )〉+ 〈X, Y 〉Hess ρ(Z,W )
+ 〈Z,W 〉Hess ρ(X, Y ) = 0 (38)
for any X, Y, Z,W ∈ X(M). Let S ⊂ NfM(x)⊕R be the subspace given by
S = span{(α(X, Y ) + β(X, Y ), 〈X, Y 〉+Hess ρ(X, Y )) : X, Y ∈ TxM}.
Then, the map T0 defined by
T0(α(X, Y ) + β(X, Y ),〈X, Y 〉+Hess ρ(X, Y ))
= (α(X, Y )− β(X, Y ), 〈X, Y 〉 −Hess ρ(X, Y ))
is an isometry between S and T (S). We claim that T0 does not posses the
eigenvalue −1. If otherwise, then T0v = −v where
0 6= v =
∑
i
(α(Xi, Yi) + β(Xi, Yi), 〈Xi, Yi〉+Hess ρ(Xi, Yi)) ∈ S
Hence
∑
i α(Xi, Yi) = 0 and
∑
i 〈Xi, Yi〉 = 0. Now (38) gives
∑
i
〈β(Xi, Yi), α(Z,W )〉+ 〈Z,W 〉
∑
i
Hess ρ(Xi, Yi) = 0
for any Z,W ∈ X(M). That is, we have Aη = −hI where η =
∑
i β(Xi, Yi)
and h =
∑
iHess ρ(Xi, Yi). From our assumption on ν
c
1 we obtain η = h = 0,
hence v = 0 proving the claim.
Let T be the isometry of NfM(x)⊕R extending T0 given by Lemma 15.
Then
(I + T t)(I − T ) = (T t − T ) = −(I − T t)(I + T )
where T t is the transpose of T . Thus
(I − T )(I + T )−1 = −(I + T t)−1(I − T t) = −((I − T )(I + T )−1)t,
that is, (I−T )(I+T )−1 is a skew-symmetric endomorphism of NfM(x)⊕R.
It is easy to see that
(I − T )(I + T )−1(α(X, Y ), 0) = (β(X, Y ),Hess ρ(X, Y ))
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for any X, Y ∈ TxM such that 〈X, Y 〉 = 0. Thus, there is C ∈ End(NfM(x))
skew-symmetric such that β(X, Y ) = Cα(X, Y ) for any X, Y ∈ TxM with
〈X, Y 〉 = 0. It follows from β(X + Y,X − Y ) = Cα(X + Y,X − Y ) for any
X, Y ∈ TxM orthonormal that
β(X,X)− Cα(X,X) = β(Y, Y )− Cα(Y, Y ).
Therefore, there is δ ∈ NfM(x) such that
β(X, Y ) = Cα(X, Y )− 〈X, Y 〉δ (39)
for any X, Y ∈ TxM .
By Lemma 13 there are smooth local vector fields Xi, Yi, 1 ≤ i ≤ m− n,
satisfying 〈Xi, Yi〉 = 0 such that α(Xi, Yi), 1 ≤ i ≤ m − n, span the normal
bundle. Thus C and δ are smooth.
Define E0 : TM × NfM → NfM by E0(X, η) = −(∇
⊥
XC)η. It follows
from (8) that
E0(Y, α(X,Z))− E0(X,α(Y, Z))− 〈Y, Z〉∇
⊥
Xδ + 〈X,Z〉∇
⊥
Y δ
= E(Y, α(X,Z))− E(X,α(Y, Z)) + 〈Y, Z〉α(X,∇ρ)− 〈X,Z〉α(Y,∇ρ).
By Proposition 14 we have E = E0, and T is trivial by Proposition 7.
Proof of Theorem 3: Let T be a conformal infinitesimal bending of f such
that the flat bilinear θ given by (34) is not null at x ∈Mn. Since N(θ) = {0},
there is an orthogonal decomposition
W 2p+20 = NfM(x) ⊕ R⊕NfM(x)⊕ R = W
ℓ,ℓ
1 ⊕W
p−ℓ+1,p−ℓ+1
2 , 1 ≤ ℓ ≤ p,
such that θ splits as θ = θ1 + θ2 as in Lemma 11. Denoting ∆ = N(θ2), we
have dim∆ ≥ n− 2(p− ℓ+ 1). Thus θ(Z,X) = θ1(Z,X) for any Z ∈ ∆ and
X ∈ TxM .
Let S ⊂ NfM(x)⊕ R be the vector subspace given by
S = span{(α(Z,X)+β(Z,X), 〈Z,X〉+Hess ρ(Z,X)) : Z ∈ ∆andX ∈ TxM}.
If Π1 denotes the orthogonal projection from W
2p+2
0 onto the first copy of
NfM(x) ⊕ R, then S ⊂ Π1(S(θ) ∩ S(θ)
⊥) and, in particular, dimS ≤ ℓ.
That θ1 is null means that the map T : S → NfM(x)⊕ R defined by
T (α(Z,X)+β(Z,X), 〈Z,X〉+Hess ρ(Z,X))
= (α(Z,X)− β(Z,X), 〈Z,X〉 − Hess ρ(Z,X)).
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is an isometry between S and T (S). We have that
1
2
(I + T )(α(Z,X) + β(Z,X), 〈Z,X〉+Hess ρ(Z,X)) = (α(Z,X), 〈Z,X〉).
If S1 = ((I + T )(S))
⊥ ⊂ NfM × R, then dimS1 ≥ p− ℓ+ 1. For (η, a) ∈ S1
〈α(Z,X), η〉+ a〈X,Z〉 = 0 (40)
for any Z ∈ ∆ and X ∈ TxM . Let U ⊂ NfM be the orthogonal projection
of S1 in NfM . Since S1 does not posses elements of the form (0, a) with
0 6= a ∈ R, then
dimU ≥ p− ℓ+ 1.
It follows from (40) that there exists ζ ∈ U such that
αU(Z,X) = 〈Z,X〉ζ
for any Z ∈ ∆ and X ∈ TxM . Hence αU − 〈 , 〉ζ has a kernel of dimension
at least dim∆ ≥ n − 2(p − ℓ + 1). But this contradicts the assumption on
the conformal s-nullities, and hence θ is necessarily null at any point. We
conclude from Proposition 16 that T is trivial.
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